MAA 4211, Fall 2016—Assignment 4’s non-book problems

In the problems below, you may use facts stated in the “Interiors, Closures, and
Boundaries” handout. But remember that there is no such thing as “proof by picture”.
For example, you can’t just state that some set contains points because it looks that way
in a diagram you’ve drawn.

Bl. Let (E,d) = E* (Euclidean 2-space). Let p € E and let 7 > 0.

(a) Show that B,(p) = B,(p) (i.e. the closure of an open ball is the closed ball with
the same center and radius).

(b) Show that OB, (p) is the sphere of radius r centered at p, defined as {q € F |
d(p,q) = r}. (This is the general definition of “sphere” for an arbitrary metric space;
spheres in E? are circles.)

(c) Re-do parts (a) and (b) with E? replaced by E", where n is arbitrary. Once (a)
and (b) are done, you should find this easy; if not, then your arguments in (a) and (b)
are probably wrong.

B2. Give an example of a metric space £ in which there is an open ball B,(p) whose
closure is not the closed ball B,.(p). (You have already encountered a metric space with
this property.)

B3. (a) Let (E,d) be a metric space, p € E, r > 0. Let S.(p) denote the sphere of radius
r centered at p (see B1(b)). Prove that 9(B,(p)) C S.(p).

(b) Give an example of a metric space (£, d) in which there is an open ball B, (p) for
which 0(B,(p)) # S, (p).

B4. Let (FE,d) be a metric space, let (p,)22; be a sequence in E, and define sequences
(zn)nzy and (yn)pZy by

Tn — P2an—1 VnEN,
Yn = pPon Vn € N.

(In other words, (z,) and (y,) are the subsequences of (p,) given by the odd-numbered
terms and even-numbered terms, respectively.) Prove that the following are equivalent:

(1) (pn)S2, converges.

(ii) Both (x,)22, and (y,)5, converge, and their limits are equal.

Prove also that if condition (ii) holds, then lim p, = lim z, = lim y,.
n—oo n—oo n—oo

B5. Let d; and dy be two metrics on a nonempty set E. Call a set S C E “dy-open” if it
is open in the metric space (E, d;), and “dy-open” if it is open in the metric space (E, dz).
Analogously define “d;-bounded set” and “d;-convergent sequence”.



(a) Suppose that there exists ¢ > 0 such that ds(p,q) < cdi(p,q) for all p,q € E.
Prove that every dy-open subset of E is dj-open. (Note: This was already proven in class
in answer to a student’s question about last year’s midterm, but you should re-prove it
anyway to make sure you understand the argument.)

(b) Metrics dy,ds on E are called equivalent if there exist ¢1, co > 0 such that for all
p,q € E, dx(p,q) < c1di(p, q) and di(p, q) < cada(p, q). Prove the following:

(i) Writing “d; ~ dy” for “dy,dy are equivalent metrics”, show that ~ is
an equivalence relation on the set of all metrics on E.

(ii) Equivalent metrics determine the same open sets and the same closed
sets. Le. if dy and dy are equivalent and U C E, then U is dy-open iff U is
dy-open, and U is di-closed iff U is d»-closed.

(iii) Equivalent metrics determine the same bounded sets. Le. if d; and d
are equivalent and U C F, then U is d;-bounded if U is dy-bounded.

(iv) Equivalent metrics determine the same convergent sequences and the
same limits of convergent sequences. l.e. if d; and dy are equivalent, ¢ € F,
and (p,) is a sequence in E, then (p,) is dj-convergent to ¢ iff (p,) is do-
convergent to q.

B6. Let || || and || ||" be two norms on a vector space V. We call these two norms equivalent
if there exist c¢1,co > 0 such that for all v € V, |[v]] < ¢1]jv]]" and ||v]]" < eafjv]|.! Prove
that if norms || || and || ||" are equivalent, then their associated metrics are equivalent.

B7. Let n € N. Prove that the /%, /2, and ¢ norms on R" are all equivalent to each
other (i.e. each is equivalent to the other two), and hence that their associated metrics
are equivalent to each other.

'Some mathematicians use the term “strongly equivalent” for metrics related to each other as in
problem 5. What these mathematicians call “equivalent metrics” is what I call “topologically equivalent
metrics”. However, for norms related to each other as in problem 6, there is universal agreement on the
terminology “equivalent”.



