MAA 4212, Spring 2017—Assignment 3’s non-book problems

Note: Problem Bl logically belongs with the “Exercises on the Mean Value The-
orem” that were part of Assignment 2. It was not included there only because that
assignment was already long enough.

B1. Let I C R be an open interval, let o € I, and f : I — R be a function that is con-
tinuous on I and differentiable on I'\ {zo}. Assume that lim__, + f'(x) and lim,_,— f'(z)
exist and are equal. Prove that f is differentiable at zy and that f'(zg) has the same
value as these two limits (and hence that f is continuously differentiable at z).

Be careful not to assume that f has any properties not given in the hypotheses. For
example, don’t assume that [ is continuous on I\ {xo}.

B2. Let a,b € R,a < b, be given, and let f : [a,b] — R be an integrable function.
Prove that for any sequence ((P,,7},))2, of pointed partitions for which wid(F,) — 0 as
n — 0o,

lim S(f; Py, T,) /f

n—oo

(Hence the integral can be evaluated by taking such a limit, if you know ahead of time
that f is integrable.)

B3. For any real-valued function f, the positive part of f, denoted f., and negative part of
f, denoted f_, are defined by f,(z) = max{f(z),0} and f_(x) = —min{f(x),0}. (Thus
both f, and f_ are non-negative, and f = f, — f_ [why?].)

Let a,b € R,a < b, and let f : [a,b] — R. Prove that if f is integrable on [a, b], then
so are fy and f_.

(Hint relating this problem to Rosenlicht problem VI.9: Compare the function f,
with |f| + f.)



