
Vector-space structure on TpM (notes for portion of 10/11/17 lecture)

Context and notation as in 10/11/17 lecture.

Let (Uα, ϕα), (Uβ, ϕβ) be two charts of M containing p. Let pα = ϕα(p), pβ =
ϕβ(p). Recall that, for each q ∈ Rn, we have already defined a vector-space structure
on TqR

n and a canonical isomorphism ιq : TqR
n → Rn given by [γ̄] 7→ γ′(0). Below,

we use the abbreviations ια := ιpα , ιβ := ιpβ .
We have defined a bijective map ϕα∗p : TpM → TpαR

n, [γ] 7→ [ϕα ◦ γ], etc. for β.
We have also observed that (ϕα∗p)

−1 is the map [γ̄] 7→ [ϕ−1α ◦ γ̄].

Claim: The map hβα := ϕβ∗p ◦ (ϕα∗p)
−1 : TpαR

n → TpβR
n is linear.

Proof: Let J = Jϕβ◦ϕ−1
α

(ϕα(p)), and let gβα : Rn → Rn be the linear map v 7→ Jv.
For every curve γ̄ based at pα, we have

hβα([γ̄]) = ϕβ∗p
(
(ϕα∗p)

−1([γ̄])
)

= ϕβ∗p
(
[ϕ−1α ◦ γ̄]

)
= [ϕβ ◦ ϕ−1α ◦ γ̄],

and thus

ιβ (hβα([γ̄])) = (ϕβ ◦ ϕ−1α ◦ γ̄)′(0) = Jγ̄′(0) = Jια[γ̄].

Hence ιβ ◦ hβα = gβα ◦ ια, so hβα = ι−1β ◦ gβα ◦ ια, a composition of three linear

maps.

Using the vector-space operations we’ve previously defined on tangent spaces of
Rn, we define vector-space operations on TpM induced by the chart (Uα, ϕα) by
setting

v +α w = (ϕα∗p)
−1(ϕα∗pv + ϕα∗pw), c ·α v = (ϕα∗p)

−1(c ϕα∗pv).

for all v, w ∈ TpM and c ∈ R. We define vector-space operations on TpM induced by
the chart (Uβ, ϕβ) analogously. Using the linearity of hβα shown above, we have

v +α w = (ϕβ∗p)
−1 ◦ ϕβ∗p ◦ (ϕα∗p)

−1(ϕα∗pv + ϕα∗pw)

=
(
(ϕβ∗p)

−1 ◦ hβα
)

(ϕα∗pv + ϕα∗pw)

= (ϕβ∗p)
−1 (hβα(ϕα∗pv) + hβα(ϕα∗pw))

= (ϕβ∗p)
−1 (ϕβ∗pv + ϕβ∗pw)

= v +β w.

Similarly, c ·α v = c ·β v.
Hence the vector-space structures on TpM induced by any two charts are the

same. Thus TpM has a canonical vector-space structure, the one induced by any
chart containing p.
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