Vector-space structure on 7,M (notes for portion of 10/11/17 lecture)

Context and notation as in 10/11/17 lecture.

Let (Ua, ¢a), (Us, ¢s) be two charts of M containing p. Let p, = ¢a(p),ps =
©vs(p). Recall that, for each ¢ € R", we have already defined a vector-space structure
on T,R"™ and a canonical isomorphism ¢, : T,R™ — R™ given by [y] — 7/(0). Below,
we use the abbreviations 1o := tp,, L5 1= tp,.

We have defined a bijective map @a.p : T,M — T, R™, [7]

— [¢a 0 7], ete. for S.
We have also observed that (¢a«p) " is the map [§] — [¢,! 0 7].

Claim: The map hgq := ©gip © (Pasp) ' : T, R” = T,,R™ is linear.

Proof: Let J = J,  -1(¢a(p)), and let gg, : R" — R" be the linear map v — Jv.

For every curve 74 based at p,, we have

haa([7]) = ©asp (Pasp) (7)) = e ([02" 0 7]) = s 0 @' 07,

and thus

vg (hsa([7])) = (g0 0yt 07)'(0) = J5'(0) = Jua[7].

Hence tg 0 hga = gga © Lo, SO hga = Lgl O gga © Lo, a composition of three linear
maps. M

Using the vector-space operations we’ve previously defined on tangent spaces of
R", we define vector-space operations on 7,M induced by the chart (Uy,pa) by
setting

UV Fq W= (Qpa*p)_l(gpa*pv + Soa*pw)a € a U= (9006*10>_1(C SOO‘*P,U)'

for all v,w € T,M and c € R. We define vector-space operations on 7, M induced by
the chart (Ug, @) analogously. Using the linearity of hg, shown above, we have

(@B*p)il © Ppxp © (@a*prl(%@a*pv + PaxpW)
- ((905*1))_1 © hﬁa) (PaspV + Paxp)
= (@5*!))_1 (hﬂa(SOa*pU) + o (Paxp))
= (poe) " (PspV + Ppapt0)
= v +5 w.

UVt W

Similarly, ¢ - v=1c 5 v.

Hence the vector-space structures on 7,/ induced by any two charts are the
same. Thus T,M has a canonical vector-space structure, the one induced by any
chart containing p.



